Abstract. We establish a relative energy framework for the Euler-Korteweg system with non-convex energy. This allows us to prove weak-strong uniqueness and to show convergence to a Cahn-Hilliard system in the large friction limit. We also use relative energy to show that solutions of Euler-Korteweg with convex energy converge to solutions of the Euler system in the vanishing capillarity limit, as long as the latter admits sufficiently regular strong solutions.
Introduction
The isothermal Euler-Korteweg (EK) system is a well-known model for the description of liquid-vapor flows. It contains as a special case the system of quantum hydrodynamics obtained by applying the Madelung transform to the Schroedinger equation [11] . It consists of the compressible Euler equations augmented to contain dispersive terms modeling capillarity. It goes back to the 19th century but was derived using modern thermodynamic methods in [10] . For a review on its analytical and numerical treatment see [2, 4] . Well-posedness and stability results for (local in time) smooth solutions can be found in [3] , and are valid for a large class of (capillarity) constitutive functions, and pressure laws. By contrast, the issue of existence of global weak solutions is widely open at present.
We will consider the model in the form:
where ρ ≥ 0 is the density, u ∈ R d the velocity, m = ρu the momentum, h = h(ρ) is the energy density, and κ = κ(ρ) > 0 is the coefficient of capillarity. Note that (1.1) can also be written in conservative form as
where S is the Korteweg stress tensor,
I denotes the identity matrix in R d×d and the (local) pressure is defined as p(ρ) = ρh ′ (ρ) − h(ρ) , p ′ (ρ) = ρh ′′ (ρ) . Strong solutions of (1.1) satisfy the balance of total (internal and kinetic) energy,
(1.5)
The purpose of this paper is to study some consequences of the relative energy framework for the Euler-Korteweg system presented in [13] and to develop extensions for fluids with nonmonotone pressures. In [13] a relative energy framework for general fluid dynamics systems arising from a Hamiltonian structure is developed. The framework is conceptually related to the relative entropy computations of Dafermos and DiPerna [6, 7, 8] well known in the theory of hyperbolic conservation laws. However, the former emerges from a variational structure while the latter emerges from the Clausius-Duhem inequality of thermomechanical systems.
One key goal is to extend the stability implications of relative energy to Euler-Korteweg systems with non-convex (local) energies. We will achieve that in the case of constant capillarity, which is a typical setting when (1.1) is used to model liquid-vapor flows. In the study of liquid-vapor flows the energy is convex on the majority of the state space and there is only a small interval, usually called the elliptic region, in which it is concave. Thus, we restrict to energies obeying the structure:
with c > 0, γ > 1 and e(ρ) ∈ C ∞ c (0, ∞) smooth and compactly supported. In (1.6) the (local) internal energy consists of a γ-law part h γ and another (localized in state space) part e containing the non-convexity.
The extension of the relative energy framework to non-convex energies suggest to consider the issues of weak-strong uniqueness and of large friction limits to systems admiting nonconvex energies. The question of weak-strong uniqueness for the Euler-Korteweg system was addressed in [9, 13] for fluids with monotone pressure laws. Such results were not known to apply to weak solutions for systems of liquid-vapor flows. The present note closes this gap, i.e., we show weak-strong uniqueness for the Euler-Korteweg model with non-convex energy.
This modified relative energy framework for non-convex energies also allows to carry out the large friction limit from the Euler-Korteweg system to the Cahn-Hilliard equation again for non-convex local energy. For convex energies, such limits were established in [16] following a general strategy for convergence from Hamiltonian systems with friction to gradient flows.
Our second objective is to study the vanishing capillarity limit of (1.1) in the smooth regime, restricting now to convex energy densities. We show that solutions to (1.1) converge as κ(ρ) → 0 to solutions of the associated compressible Euler system (with κ ≡ 0) as long as the limiting Euler system admits smooth solutions. We are not aware of such a general convergence result in the smooth regime, and the proof is a remarkably simple consequence of the relative energy framework.
Beyond the smooth regime the effect of dispersion is known (at the level of integrable systems) to induce oscillations and the behavior in the small capillarity limit of shocks is not at all understood. On the other hand, the inclusion of viscosity has a stabilizing effect, but again the zero viscosity-capillarity limit is a very subtle process. The reader is referred to [5, 14] for existence results on the Navier-Stokes Korteweg systems, and to [1] for the intricacies of its use as a selection criterion to the issue of shock admissibility.
The outline of the rest of the paper is as follows: In section 2 we recall notions of dissipative and conservative weak solutions as well as relative energy computations for the EulerKorteweg system. Section 3 deals with removing the terms from the relative energy which are related to e. This allows us to prove weak-strong uniqueness. This version of relative energy is used for studying the large friction limit in section 4. Section 5 is devoted to establishing the vanishing capillarity limit for convex energies.
Relative Energy
To keep this paper self contained, we recall notions of weak solutions for (1.1) and standard relative energy arguments in this section following the exposition in [13] . For simplicity, we focus on periodic solutions, defined in T d the d-dimensional flat torus. Extending our results to finite domains with Dirichlet or Neumann boundary conditions is not straightforward. Many of the computations performed here can be carried out for solutions in R d . However, to obtain similar results one would be restricted to adiabatic coefficients γ ≥ 2, since the estimates in the range 1 < γ < 2 make frequent use of Poincaré's inequality.
We recall:
, and (ρ, m) satisfy
(iii) By contrast, if
and it satisfies (2.2) as an equality, then (ρ, m) is called a conservative weak solution.
Depending on how the solutions arise one might be inclined to use either conservative or dissipative weak solutions. The appropriate notion depends on how solutions emerge: if they emerge as vanishing viscosity limits of models in fluid mechanics then the use of dissipative solutions is advisable; by contrast, if they arise from the Schroedinger equation as in the case of the QHD system the use of conservative solutions might be more appropriate. In any case, our analysis covers both eventualities.
In the sequel we consider weak solutions with finite mass and finite energy, i.e., we place the assumption (H) (ρ, m) is a dissipative (or conservative) weak periodic solution of (1.1) with ρ ≥ 0 in the sense of Definition 2.1, and
and (1.1) is satisfied in a point-wise sense.
To deal with the capillary part of the energy we define
Following Dafermos and DiPerna [6, 8] we define relative quantities comparing two different states. They are given by the value at one state minus the first order Taylor expansion around the other state. The relative potential energy consists of two parts:
ρ we proceed analogous to F and
see [13] for details. For the energy density at hand [13, Theorem 3.2] implies that for any strong solution (ρ,m) of (1.1) and any weak (dissipative or conservative) solution (ρ, m) of (1.1) the following inequality is fulfilled for almost all t ∈ [0, T ) :
where s(ρ, q, |ρ,q), r(ρ, q, |ρ,q) and H(ρ, q, |ρ,q) are defined in a way analogous to (2.8), based on the functions
that appear in the Korteweg stress tensor (1.3).
Weak-strong uniqueness for non-convex energies
In this section we consider energies possessing a decomposition of the form (1.6) and constant capillarities κ(ρ) = C κ > 0. We will see that the gradient terms in the energy (which express nonlocal contributions to the energy) allow to compensate for the non-convexity of the local part of the energy density. The energy estimates dictate that a weak solution (ρ, m) has the regularity:
for γ > 1. The decomposition (1.6) implies
and it will be our goal to remove the terms containing e from the left hand side of (2.10). In particular, we aim at providing an upper bound for
In [12, 13] this was done for two strong solutions by estimating ∂ t e(ρ|ρ). However, here we only assume that ρ is a weak solution, so ∂ t e(ρ|ρ) is not well defined. To overcome this technical issue we derive the corresponding estimates, on the level of a smooth approximating sequence (ρ n , m n ) and then go to the limit on both sides of the estimate.
To this end, we first extend (ρ, m) to negative times by setting
Note that these extended functions weakly solve
where for x ∈ T d we understand
Then, we have
(3.6) Equation (3.6) implies (due to the regularity of ρ n , m n ) that for all n ∈ N the following equation holds in a point-wise sense
Let (ρ n , m n ) and (ρ,m) solve (1.1) 1 point-wise, then we obtain
and thus 10) and along a subsequence (if necessary)
Lemma 3.1. Let (ρ, m) and (ρ,m) be a weak and a strong solution of (1.1) respectively, then,
Proof. The mollification (ρ n , m n ) of (ρ, m), defined in (3.4), satisfies (3.7) and (3.9). We study the limit of (3.9) as n → ∞. Since the function e ∈ C ∞ c (0, ∞) is compactly supported in (0, ∞), the function e(ρ) and its derivatives are uniformly bounded. As a straightforward application of (3.11), (3.10) and the dominated convergence theorem, we obtain
The last objective is to show the convergence
This is split into four terms and the only term whose convergence presents new difficulties is to show
To prove (3.16) we will use the following variant of the dominated convergence theorem: If {f n } and {g n } are sequences that satisfy f n → f a.e., |f n | ≤ g n and g n → g in L 1 then f n → f in L 1 . We apply that to the functions
Note first that, since e ′′ (ρ) is compactly supported in (0, ∞), the vacuum region is avoided and it follows from (3.11) that
ρ is convex, applying (the multivariate version of) Jensen's inequality we obtain
Moreover, as
Observe next that
and, on account of (3.10) and (3.18),
This completes the proof of (3.16) and the lemma. Now we prove a stability estimate which immediately implies weak-strong uniqueness. We restrict to cases where one of the two following hypotheses holds:
1 < γ < 2 and
Theorem 3.2. Let κ(ρ) = C κ constant and (A1), (A2) hold. Consider (ρ, m) a dissipative (or conservative) weak solution of (1.1) satisfying (H) on [0, T )× T d , T > 0, and let (ρ,m) be a strong solution of (1.1) satisfying for some δ > 0 the boundρ(t,
Then there exists a constant C > 0 depending on (ρ,m) and their derivatives so that for almost every t ∈ [0, T ) :
Proof. For convenience let us define
(3.20)
By subtracting (3.12) from (2.10) we obtain
In view of (2.11) some terms on the right hand side of (3.21) are estimated in a straightforward fashion:
(3.23)
Using the decomposition (1.6), equation (2.11) and the fact that for γ-laws pressure and inner energy coincide up to a constant we find
Inserting (3.23) and (3.24) into (3.21) we get
For the remaining terms the L 2 norm of (ρ −ρ) has to be estimated. In case of (A1), in the range γ ≥ 2, Lemma 2.4 in [15] asserts that there exist constants R 0 , C 1 , C 2 depending onρ such that
In this estimate, exploiting the fact thatρ is a bounded solution, R 0 can be chosen sufficiently large so that for γ ≥ 2 we have
In case of (A2) mass conservation implies that ρ(t, ·) −ρ(t, ·) has mean value zero for any
Using now (3.26) or (3.27) we estimate the remaining terms. For
we obtain, using Young's inequality,
We also obtain, since all derivatives of e and p e are uniformly bounded,
Inserting these estimates into (3.25) we obtain
We rewrite
(3.32)
It remains to derive a bound for
It suffices to show that | e ′′ (ρ) − e ′′ (ρ) √ ρ| is uniformly bounded by C|ρ −ρ|. This is trivial, as long as ρ is bounded from above so we restrict ourselves to the case ρ > R + 1 where R is a constant satisfying R > sup t,xρ (t, x) and e(r) = 0 ∀ r > R.
In that case
By combining (3.32) and (3.33) and inserting them into (3.30) we obtain
The theorem follows from applying Gronwall's lemma to (3.34).
From Euler-Korteweg with large friction to Cahn-Hilliard
In this section we study the relaxation limit from the Euler-Korteweg system with large friction to the Cahn-Hilliard equation. This limit was studied for monotone (increasing) pressures, i.e., convex energies, in [16] and we will show that the same techniques as in Section 3 allow us to extend the results to the non-monotone case. As before we will assume that the energy density has a decomposition (1.6) with (A1) or (A2) and κ(ρ) ≡ C κ > 0. After rescaling time the Euler-Korteweg system with friction can be written as (cf. [16, Sec. 4])
Our goal is to investigate the limit ε → 0 of (4.1). Formally the limit equation is
We will make this rigorous on time intervals for which (4.2) possesses a strong solution and (4.1) has weak solutions for all (sufficiently small) ε > 0. To this end we will establish a relative energy framework comparing weak solutions to (4.1) and classical solutions to (4.2).
(ii) If, in addition, (iii) By contrast, if
and it satisfies (4.4) as an equality, then (ρ, m) is called a conservative weak solution.
Note that solutions to (4.2) can be understood as solutions to (4.1) with forcing. For any solutionρ of (4.2) we setm
and
Then, (ρ,m) satisfyρ
For smoothρ the forcing term is of order O(ε) and is visualized henceforth as an error term.
Definition 4.2. We callρ a strong solution of (4.
and (4.2) is satisfied in a point-wise sense.
Note that the regularity required in definition 4.2 is more than what we need to give a point-wise meaning to each term in (4.2). The imposed regularity makes (ρ,m) a strong solution of (4.7).
Next, [16, Thm 4.2] implies for any weak (dissipative or conservative) weak solution (ρ, m) of (4.1) and any strong solutionρ of (4.2) the following inequality
(4.9)
Invoking Lemma 3.1 we obtain the following estimate from (4.9)
Following the arguments in the proof of Theorem 3.3 and using the orders in (4.5) and (4.6), we obtain:
hold. Then for any conservative or dissipative weak solution (ρ, m) of (4.1)
satisfies the following estimate for almost every t ∈ [0, T ) :
with C a positive constant depending only on T , K 1 ,ρ,m and their derivatives. Moreover, if
Vanishing Capillarity Limit
In this section we study the vanishing capillarity limit in the case of convex energy densities h. For convenience we use a γ-law h(ρ) = ρ γ with γ > 1. We consider two different settings for the capillarity. The first setting is constant capillarity
The second setting is:
for all ρ > 0. Recall that the notation a b for two positive quantities a, b indicates that there is a constant C > 0 such that a ≤ Cb. (2) The assumptions of setting 2 cover, in particular, the quantum hydrodynamics case κ(ρ) = ρ −1 .
We will fix from now on some κ satisfying (Set1) or (Set2) and investigate the limit for ε → 0 of dissipative or conservative weak solutions (ρ ε , ρ ε u ε ) of
We will show that (ρ ε , ρ ε u ε ) converges, for ε → 0, to a solution (ρ, ρu) of 
Remark 5.2 (Regularity). Note that it is not sufficient for (ρ, ρu) to be a classical solution of (5.2) but it needs to have the regularity of classical solutions to (1.1) and, in addition, second (spatial) derivatives of the velocity need to exist.
The convergence results we obtain in both settings are similar, and we use relative energy in both cases. However, there is a difference in strategy in the two proofs. In setting 1, we use the Euler-Korteweg relative energy, while in setting 2 we use the relative energy for the limiting Euler system adapted to account for the Euler-Korteweg energy of (ρ ε , u ε ). Theorem 5.3. Let κ satisfying (Set1) be given. Let (ρ, u) be a solution of (5.2) with initial data (ρ 0 , u 0 ) satisfying (5.3). Let {(ρ ε , u ε )} ε>0 be a family of (conservative or dissipative) weak solutions to (5.1) parametrized in ε having the same initial data (ρ 0 , u 0 ). Then, there exists a constant C > 0 depending on T and (ρ, u) such that for almost all t ∈ [0, T ].
